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 ABSTRACT

% An algorithm for mean-square approximation is presented. It

is useful in both the case where the distribution'_function defining the mean
" is .knqwﬂ and when it is r_epresented solely by a finite _nﬁmbef of samples,

7 and méy often be applied when other methods are impractical. _THe amount -

the number of sainple points,
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"' Introduction

| ) “We con“sidver herein the problem of finding an expression of the

" form ¥ di¢i(x) sibieh, oninlmdzes

e LD ST e,

2 whef_relh(x) is a given function, '{‘gi} is a set of linéaﬂy indepen&en’t» func-
~ ‘tion, and x is a vector of dimension n. Sixhpiy,' we wish to find the best

s = L]

- ;n}eaﬁ—square approximation to h(x) over the regionf. _ P : -

t Subs tant;al diflficﬁltieé may arise in thé solution of this problefr;.
' -L"."."'Ifhe rregi.'.on R may be ii‘i;eg'ﬁla}r, tf;e vector x -ofEhigh diﬁlgnsigﬂ‘, thAe‘:"‘ -
| functions -'F(x‘) 61‘ h(x) co;nplc;,x;—gll rhékﬁlé thc pferequisi&é int.e.grat.i'bn.;s.»

\ ._ﬁifficult; .. Thé order ‘of épproximétion R maf beivery higfi, fi‘us tréting
'n}anY diréct methods. AThe probability distributior; F rhay be pnknown, ‘
. (;lefi;le.djonly by a finite set of samples, Fmally, 'h (x').m;yilse de'ter.miiﬁe:d-
’% (;nlf b&. e;x'periment upon some systern (a "black bo;c"‘), aﬁd hence de%i'neci

at only a limited number of points [ 17.

' .The work below studies an approach which is of varying usefulness
in all the above cases. We use samples of the probability distribution

rather than its analytic form. The samples may result from some physical

.\.-lh




'process or be generated artlflcxally [2 6 7] In eifhef case, we avssume-f

that the number of samples and their dimension is such that the problem

» ‘must be solved witbout their étorage; that is, we require that a sample be -,

- used in computation only when it is first generated and not at all thereafter.

We further assume that R, the nu.mber‘ of coefﬁcients to be determined, is

L su:Eﬁc-iently large that the inversion of an R XR matrix is computationaily

infeasible. This latter assumption is related to high dimensionality: a

252 coefficients .
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. consider (2) the exact problem.

- 'gen‘ei'al fifth-order poiynomial in 10 variables, for exar'nble, requires

The Algor'ithm

o The'procedure proposed solves exactly the problem of r‘ninimizingv

=17 i=1

" where Y = {yl,yz, 3 e ’YM} are sample points generated accordmg to the
‘dlstrlbuuon F Th1s is clearly an approxunatlon of the problem in (1),

" the accuracy of the approximation mcreasmg w1th M In the case where F

is unknown'and Y represents our only know.lledge of it, we may as well

| Setting ‘the partials of (2) with respect to each coefficient equal to

zexro gives the neccessary condition for a solution vector o = (Ccl,a

2,- L) ,G:R):



N I

" ..where the ,‘el.emén.ts of A are

@ Cas % og (yk) g (Yk)

7 and the components of b are

(5) b1 = ¥ h (Yk) g (Yk) .
cow R R k-l N .

“The condltlons under whlch equatlon (3) has a unlque solutxon W111 be a

—

RN corollary to the work followmg.

JIf A could be inverted, the problem would be solved; the element_s

--ofA and b could be accurnulated w1thout storage of the samples by the

) ‘f-'s_‘nnple iterations : )

(4_6)‘“» .;;:: R L VI o ()

St

" and direct solution would be poss'ible. We have assurﬁed, however, that A is
- too large to be inverted accurately. -

) Th; followingialgorithm yields the solution we desire: | :
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' "”, and s;f;or'é d

A.{'l.. . The quéntities aij = aij are acc'um’xilat.e

M)

i

i

i =1,2,...,Rand j = i,itl,...,R; the bi = b

(1) fori=1,2,...,R.

B P S

ot M TR R
in the location where 2, was stored.

.1 .
-

and store it destructively over a, , o

- 4. - Fdi’ J= 2,3,0. A,;R-.-l,' cofnﬁuté "

10 AL = [a.__ v el
. () S Jj kj ] -

Bz 75

(11) RS % X5 T B

B I S di{ 21,541

1"

>
k=1

£0r i =2,3,0005]

are accumulated using

o
S vmran ove wiu s

“ki “k, j+1 ] )

and finaﬁy compute dR' by (1.0), r.eplacing-in'stc.)fage, as they are calculated,

a.. byd anda..b .
BT ij 7 Cj



5. ‘.v"vC;'ilculvab.te

.. storing Bi over bi.'

e

g = Pr%

: 6, C_'a"lcuhlateA

B A i el J_i.J.

- (16) : o oo =48 -3 o c.)
AT : ! i

. fori=R-1, Rez,...,1, -t
e . stér.ing o, over B..

' : ‘_The'o.'i minimize equatibn (2). The total amount of workiﬁg s;tofage
- never exceeds W
-\ g : .

.

ords,
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Derivation

To proceed we require the following‘r-xo"c.atlior'l: if f(x) is a given function, o

. :- ?’{V}G.S’Vill vrite 0 i'_or'the P (ﬁ(yl)” ¢(yz), 3w e ,yﬁ(’)"M)j. Hence, the inner
,pr(.)duct._(ﬁlf ¢2) is

a6 s RUCALAR

1

n. ™ g

. The Gram-Schmitt orthogonalization process may be used to construct
functions ortonormal over the sample points; that is, we seek a set of functions

- B {¢11 ¢ R ¢R} Su(‘.h that

2"
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where the inner product is defined by (17).’ We set'_

11111

1

L Q i 2.3-3: LI -'a R . .

The set {g } is a glven set of hnearly 1ndependent functlons. We shall .

: deriye the constants di a.nd clJ which yield (18)
“For i <j,
(ﬁi,ﬁj) = 0 =.d(¢,gJ—-C ¢ -'f-o..c ¢ )

“yielding

1
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By (19),

(2}
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Ey (>2~0_.)kax}df(2-1.),v

(23) c,. = (gj,di[ gi-cli¢ = '¢ 1
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3,4,.. 0 Rs i=1,2,,000 1.

S - «- -. e : ' =" 2 ) NP
N ',-_(61: ¢1) dl 211 _1 v

av ety

\di (gi“ Cliﬁl— s s ci,_l’iqiﬂlggi“'c1i¢1~o.on-V-Cifl’i?i—l)

@4 a, -2 teeed teT et
A= ey Heeyh °1,1%-1) *en 1,1

. (25) d.z'- (aii" 2 cki) 9 1:2,$,.tn3’3“| ! | .- .
L The é,et of functidnS_deﬁned by (19) N (20) and (22) - (25) are hence .ort;ho—
' normal as desired. - . . o

,..-'Sir_che the set {ﬁi} is orthonormal, the coefficients Bi which mini-

© 'mize

z

T % . 2
(h<yj)~ XADY

™

M =1 i=1

.. are

) . Bi =. (h:¢1) :. i=1,2,,..,R. .

Using (19) and (20), we obtain



ke o By s dlbl

; Biz d (h,g - C ¢ R Cl—l,iﬁi"l) “

- By A d [b-c B ff-"'_él,. B,

','forfi -—4'2,3',';.. R .

- Smce the functmns ¢ are hnear combmatmns of the g;° z B ¢ constltutes

B and éqﬁating coefficients of g By induction, one may show that e’qﬁations

' "'.‘_11sted.

~s

-

: Uniquehess' of Solution

_’b,'_a solut10n to the original problem (2) The o may be determmed by settmgk

CBa gl = T 0

(1 5) and (16) hold Equatlons (8) - (16) constltute this constructlve process. ’

A' . The reader may verlfy that the algorlthrn can be executed sequentlally as

_Clearly, solutions to (2) will not always be unique. If’ the éample

; n - . . T . RS - i . s o

points lie on a hypersurface of dimension less than R, infintely many

solutions are possible.

" On thc other hand, the construction of the previous section indicates

‘that a um ne solution exists if the vect01<: - S are linearl 1nde—
q gl gz gR Y

pendent_, since in that case di always ex1sts. Since the g; (x) ave hncaxly

-8~




" -independent functions of high dimension, the pil‘éViéliS c.o'rvxdi‘tion will be

»

- sa,t‘i.sﬁedv in préctice "3lmost always",

s Opéra tion Count

.. The algorithrﬁ presented will often give significantly better résults

o than solution of (3). directly [ 5] if 6peratiou count is a valid standar& of

comparison. Solution of (3) by Gaussian elimination réquires .
4R 2 R
=+ . m
3 TR -3 *

"operations, counting only multiplications and divisions [3]. ‘The algorithm

. presented requires

3 2 SIS
R R 4 ) W T
T 3 b3k

‘._'0per_atioris (multiply and divide) and R square roots. Other than tl‘)e'.;squafe
.~ ~roots, direct solution re'quir’e’s'
3 2

R
R:%—Z—- R

o
Wik

T

more operations --a significant difference.

Conclusion
" The algorithm presented is more efficient than direct solution of
the linear system derived from equation (2). It thus has clear advantages
when the distribution function I is unknown, Storage of sample poiﬁts is



:u:ﬁr‘mé:céss:a'.ry;' wo%kipg 'stbrage is 1£mite;;1 ﬁo B—(Biiil 'wo_réé. A hlgher -'

"'.i.c;xtc'_ler"‘appr_;ximé.tion; if foﬁnd ne;:essa'.r.y, rr'iay"'bfald.é.ri.\’r;ecvl w1th li-ttie'recal;

':;'cﬁlat'iion. | ' o .

.‘ If fhe dis Erif;‘ution functif;n is kpﬁwfx, yiv;h.e“tsefulﬁ.esus. -of.t.he aléorithrﬂ
wﬂl déper.lell on t-he..ea.se of genéra(tin.g réndom nunﬁbérs With thét; disfriﬁuti’oh
;e.lvati:\'re tron the'd;lff-icult.y 6f direcf; isélutionvor .fi‘nding funét_idns ;)_rt};onozlrﬁal
e witﬁ ;es?eét to the aistribut'}on fﬁx';ctic)‘n. “ éeyeral of .thé of_hér complications

’n\lérlx‘tvi‘or.zed in. thé: introdructi.on fna)} forc.é rc;,c.:-'o{lrs‘e to thé. N.vionte. Carlo |

‘éppféééh; pe : e '

L - Thls allgo:ithm ha.é prbve‘d‘us efu_l in abst.l:a.ct éatt_ern recbgnition

. A_where'-b.otvh“h(;)'and F(x) are unknown [ 4].
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